The usual method of solving for an optimal nonlinear tax schedule is that of the primal approach -first solving for the optimal allocation, and subsequently determining which tax system decentralizes this allocation. While this method is mathematically rigorous, it lacks intuitive appeal. I propose a different method based on the dual approach -directly solving for the optimal tax system -which is equally rigorous, while being much closer in spirit to actual tax policy. I show that this approach can easily incorporate preference heterogeneity, as well as individual behavior that is not fully consistent with utility maximization. Over and above solving for the optimum, the dual approach allows one to obtain new insights into the welfare effects of small nonlinear tax reforms outside the optimum.
Introduction
Generations of economists have struggled with the question of the optimal degree of tax progressivity. In its modern form, this question was first posed by Vickrey (1945) , who stated that a full characterization of the optimum 'produces a completely unwieldy expression,' leading him to the conclusion that 'the problem resists any facile solution.' Indeed, it took another quarter of a century until Mirrlees (1971 Mirrlees ( , 1976 ) offered a first solution to the problem. The solution was obtained by applying the primal approach: he first solved for the optimal allocation, subject to resource and incentive compatibility constraints, and then derived the tax system that would implement this allocation. Ever since, this has been the dominant approach in the literature whenever it concerns nonlinear taxation (e.g., Stiglitz, 1982; Tuomala, 1990; Diamond, 1998) .
The advantage of applying the primal approach to solve for the optimal tax schedule is its mathematical rigor. The problem of finding the optimal allocation conveniently lends itself to the toolbox of optimal control theory, yielding a mathematically well-defined procedure for solving it. But this solution procedure also harbors the main disadvantage of the primal approach, namely the lack of intuition involved with the derivation of the optimal tax schedule. In reality, government does not exercise any direct control over individuals' allocations -how much they work and consume of every good in the economy. Instead, it controls the tax system. Interpreting the problem of optimal taxation as choosing the most preferred incentivecompatible allocation might be more than an innocuous abstraction; in the worst case, it alienates the applied world of tax policy, as well as students, from the academic discipline of tax design. This would be detrimental on several counts. It could lead practitioners to disregard academic insights, and academics to focus too much on ethereal issues instead of new insights that might be of more practical relevance. In short, it could reduce the practical impact of an academic field whose raison d'être is its potential for practical impact.
A more intuitive way of solving for optimal taxes is by directly considering the social welfare effects of changes in taxes -i.e., to apply the dual approach.
2 For optimal linear taxes this has always been the dominant solution procedure (e.g., Diamond and Mirrlees, 1971; Sheshinski, 1972; Diamond, 1975; Dixit and Sandmo, 1977) . The likely reason for this is that a linear tax can be captured by a single parameter, which allows for straightforward optimization techniques. The same techniques cannot directly be applied to solve for the optimal nonlinear tax schedule, as the object to be optimized is a function rather than a parameter. Some recent contributions have circumvented this problem by heuristically applying the dual approach (e.g., Saez, 2001 Saez, , 2002 Piketty and Saez, 2013; Jacquet, Lehmann, and Van der Linden, 2013) . They consider a small perturbation of the tax schedule and heuristically deduce the social-welfare effects of this perturbation. Equating these social-welfare effects to zero solves for the optimum. To prove that their heuristic is valid, they subsequently show that their results correspond to results obtained on the basis of the primal approach. This last step is necessary as the heuristic lacks the mathematical rigor of the primal approach.
In this paper, I show how one can apply the dual approach to derive the optimal nonlinear income tax without relying on heuristics. By doing so, I combine the intuitive appeal of the dual approach with the mathematical rigor of the primal approach. All that is needed is a minor adjustment to the definition of the tax schedule, which makes it amenable to simple optimization techniques. The key to this adjustment is to recognize that a person's tax burden can change for two different reasons: due to a change in his taxable income and due to a reform of the tax schedule. Thus, instead of defining a nonlinear tax as T (z), with z a person's taxable income, I define it as T (z, κ) ≡ T (z) + κτ (z). Here, κ is an arbitrary parameter and τ (z) 2 The primal and dual approaches should not be confused with the primal and dual forms of a constrained optimization problem. As is well known from duality theory, the primal form concerns the maximization of utility subject to a budget constraint, whereas the dual form minimizes expenditures subject to a utility constraint. For examples of the dual form of the optimal tax problem, see Boadway and Jacquet (2008) and Lehmann, Simula, and Trannoy (2014) . This paper is concerned with the primal and dual approaches to social welfare optimization, which refer to the parameters over which to optimize. Thus, the primal approach refers to optimization with respect to the allocation, whereas the dual approach refers to optimization with respect to taxes.
is the schedule of any non-linear tax reform one might want to consider. Writing social welfare in terms of T (z, κ), one can deduce the marginal welfare effects of a reform by simply taking the derivative with respect to the parameter κ, and substituting for the specific reform of interest τ (z). Expressions for the optimal nonlinear tax schedule are derived by optimizing over κ for any possible function τ (z). In other words: at the optimum, social welfare is unaffected by any possible nonlinear reform of the tax schedule.
Beyond its intuitive appeal, a second advantage of the dual approach is that it allows for a large degree of flexibility regarding individual behavior. More specifically, I show that it is straightforward to account for heterogeneity not just in individuals' income, but also in their responsiveness to tax reforms. Doing so, I replicate findings by Jacquet and Lehmann (2015) who apply the primal approach to show that standard optimal tax formulae are adjusted by using income-conditional average elasticities. Moreover, the dual approach can easily incorporate individual behavior that is not based on utility maximization. Utility maximization might not be an appropriate behavioral framework when individuals form mistaken beliefs about the shape of their budget curve or about the functional form of their own utility function. In that case, optimal tax formulae include a corrective term, prescribing higher marginal taxes for individuals who mistakenly work too much and lower marginal taxes for individuals who mistakenly work too little.
3 The importance of such corrective term crucially depends on misoptimizers' responsiveness to tax reforms. Finally, I show how the dual approach can be applied to determine the welfare effects of tax reforms outside the tax optimum. Contrary to the primal approach, which deals with variations in allocations rather than tax schedules, the dual approach is ideally suited to study small nonlinear reforms of a given tax schedule. This is likely to be of more relevance to actual tax policy than a characterization of the optimum. And, perhaps more important, determining the desirability of a reform is empirically much less demanding than determining the optimal tax schedule. The reason for this is that the former depends in part on the responsiveness of taxable income at the actual tax system, whereas the latter depends on the responsiveness at the optimal tax system. While we typically cannot be certain about either of the two, it is arguably much less problematic to use available elasticity estimates as measures of the responsiveness of taxable income at the actual tax system than as measures of the responsiveness in the optimum. Applying the dual approach to the welfare analysis of tax reforms can yield important and novel results. For example, when considering raising a tax bracket's statutory tax rate, I show that the income-weighted average of effective marginal tax rates -rather than a simple average -crucially determines the distortive costs of the reform. This finding contradicts the way in which empirical studies typically determine the marginal distortive costs of taxation.
Beyond the above-mentioned references, this paper relates to a number of earlier studies. To the best of my knowledge, Christiansen (1981 Christiansen ( , 1984 was the first to parameterize the nonlinear tax schedule to make it amenable to the analysis of tax reforms. His focus is on the evaluation of public projects and commodity taxation, however, and he does not consider a full characterization of the optimal nonlinear income tax -which is the focus of this study. More recently, Golosov, Tsyvinski, and Werquin (2014) also formalize the dual approach to optimal nonlinear income taxation in a mathematically rigorous way. Contrary to the current study, they concentrate on a dynamic model in which individuals always maximize utility. Rather than directly parameterizing the nonlinear tax schedule, they rely on Gateaux derivatives with respect to the tax schedule to obtain the welfare effects of a nonlinear tax reform. Finally, as I use behavioral elasticities to avoid explicitly modeling individual behavior, the current study closely relates to the literature on sufficient statistics (e.g., Chetty, 2009) .
Section 2 introduces the parametrization of the tax schedule, and shows how it helps in deriving the welfare effects of any nonlinear tax reform. Section 3 derives expressions for optimal tax rates using the dual approach, allowing for preference heterogeneity and individuals who do not maximize their utility. Section 4 illustrates how the dual approach can be usefully applied to obtain insights into more limited tax reforms outside the optimum. Section 5 discusses the broader applicability of the dual approach and I wrap up with some concluding remarks.
2 The welfare effects of a tax reform Studies in optimal taxation typically begin by introducing a model of individual decision making, and then continue by deriving the tax system that maximizes a social-welfare function within the context of that particular model. However, many of the insights from optimal taxation can be obtained without specifying an underlying model of individual behavior. This is not to say that individual behavior is irrelevant -indeed, the behavioral responses of individuals' taxable income to a change in taxation are a crucial determinant of optimal taxes. But these responses can be captured directly by measurable elasticities that function as sufficient statistics, obviating the need to microfound behavior. I therefore proceed by directly considering the social planner's optimization problem. I start by introducing the parametrization of the otherwise standard nonlinear income tax, which subsequently allows me to determine the effects of taxation on government revenue and social welfare.
Individual taxes and government revenue
I assume that individuals in the economy constitute a continuum I of unit mass, and that an individual i ∈ I earns taxable income z i . I furthermore assume that {z i : i ∈ I} is a closed interval so that it is integrable over the population I, and denote the cumulative distribution function of taxable income by H(z) and its density by h(z). A person's income tax is denoted by T i and depends on his taxable income. As such, the tax can be affected by both a change in income and a reform of the tax schedule. I formalize this by writing the income tax as the following function of gross income and a parameter κ:
which is assumed to be twice differentiable in z i . I refer to κ as the reform parameter, and to τ (z i ) as the reform function or simply the reform.
The reform parameter takes on an arbitrary value and the reform function depends on whatever reform of the tax schedule one would like to study. The function T (z i ) is determined to ensure that T (z i , κ) gives the actual tax schedule around which a reform is analyzed. A marginal reform of the income tax can be studied by considering a change dκ. For a given taxable income z, such reform increases the tax burden by τ (z)dκ. As I allow the reform function to depend on z, I can analyze any nonlinear marginal reform of the tax schedule.
In the analysis below, I assume that z i is differentiable in κ. In other words, I rule out that marginal changes in the tax schedule lead to discrete changes in individuals' taxable income. In the typical model of utilitymaximizing individuals, this implies that individuals' indifference curves are tangent to the budget curve at exactly one point and that there is no extensive margin. I moreover assume that the derivative of z i is integrable over the population I. 4 The effect of a reform on an individual's tax burden is obtained by taking the total derivative of eq. (1):
where a subscript denotes a partial derivative, such that
gives the marginal tax rate of an individual with income z i . Since a change in the tax schedule typically affects the tax base itself, an individual's income tax is affected both directly by the reform of the tax schedule (first term) and indirectly by a change in income (second term). The same general point can be made for the change in the individual's marginal tax rate, obtained by taking the partial derivative of eq. (1) with respect to z, and subsequently taking the total derivative with respect to κ:
The first term illustrates that the reform raises the marginal tax rate at income level z i by τ z (z i )dκ. A reform-induced change in individual i's tax-4 Jacquet and Lehmann (2015) identify sufficient conditions on structural parameters for this to hold within the context of a multidimensionally heterogeneous population. In Section 5, I discuss how the dual approach can easily take into account an extensive behavioral margin. able income further alters his marginal tax rate as long as the tax schedule is locally nonlinear (T i zz = 0). This latter effect is illustrated by the second term in eq. (3).
The government's budget equals the simple integral of all individuals' income taxes and is given by:
I do not here concern myself with the expenditure side of the government, but as usual it is straightforward to allow for expenditures on public goods or on some exogenous spending requirement (cf. Christiansen, 1981) . The effect on government revenue of a tax reform is obtained by taking the derivative of eq. (4):
which is simply the integral of eq. (2). The government revenue effects of a tax reform can be decomposed into a mechanical effect and a behavioral effect on the tax base. The mechanical effect simply indicates that the reform raises an amount of resources τ (z i )dκ from every individual i ∈ I.
But a tax reform also tends to affect individuals' taxable income, leading to a change in tax revenue of T i z dz i .
Individual utility and social welfare
A benevolent social planner cares not only about revenue but also about the utility of its citizens. Utility in this context refers to the individual's actually experienced utility, i.e., his actual well-being. 5 The utility of individual i is a function of his net-of-tax income and his gross-of-tax income, denoted by
For a given gross income, higher net income allows the individual to consume more and thus tends to raise his utility. For a given net income, higher gross income implies that the individual needs to exert more effort in earning income and thus tends to lower his utility. As the income tax is itself a function of gross income and the reform parameter, we can write utility as the following function:
As with taxable income, I assume that utility and its derivatives are integrable over the population I. For now, I remain agnostic about how individuals decide on their taxable income. They might or might not maximize their utility.
6 I define ω i as the degree to which individual i mistakenly chooses too large a gross income. More specifically, it gives the marginal utility of reducing one's gross income, normalized in terms of consumption:
where u i c refers to the partial derivative of utility with respect to net income. I allow ω i to vary across individuals, even if they earn the same income z i .
If individual i maximizes his utility, his marginal rate of substitution of net income for gross income (first term within brackets) must equal his marginal net-of-tax rate (second term within brackets). In that case ω i = 0. If an individual mistakenly earns too much, then ω i > 0; and if he mistakenly earns too little, then ω i < 0. More generally, individual i's taxable income would have been his utility-maximizing income level, had his marginal netof-tax rate been ω i percentage points higher.
I assume that the social objective is welfarist. This implies I can write the social welfare function as a (weighted) integral of all individuals' utility:
There are numerous reasons why taxable income might not be chosen to maximize utility. For example, individuals might have mistaken beliefs about the shape of their budget curve (e.g., Chetty, Looney, and Kroft, 2009; Liebman and Zeckhauser, 2004) or about their own utility function (e.g., Loewenstein, O'Donoghue, and Rabin, 2003) . Another reason might be that the tax base is not fully under control of the individual. For example, in Piketty, Saez, and Stantcheva (2014) and Rothschild and Scheuer (2014) the tax base is partly the result of third party bargaining or rent-seeking efforts. Naturally, in that case U i (z, κ) cannot be a full characterization of the individual's utility, as it should depend on, e.g., his bargaining effort, as well as gross income.
where γ i is an individual-specific weight that determines the importance of individual i's utility within the social objective. In the special (though intuitively appealing) case of a utilitarian social objective, γ i = γ for all i.
The effect of a tax reform on the social objective is obtained by taking the derivative of eq. (8) with respect to κ. Doing so, while substituting for eq. (7), yields:
As with government revenue, a reform's effect on social welfare can be decomposed into a mechanical effect and a behavioral effect. The first term within brackets, representing the mechanical effect, reflects the direct social welfare loss from reducing individuals' net income by τ 
Elasticities
Before I consider the net social-welfare effect of a tax reform, by aggregating its effects on government revenue and social welfare, it is useful to elaborate on how the tax base is affected by a tax reform. This of course depends on the nature of the reform -i.e., on how the reform affects the tax schedule. Specifically, it is typically observed that changes in marginal tax rates and changes in the absolute tax burden affect taxable income in different ways (cf., Blundell and MaCurdy, 1999; Saez, Slemrod, and Giertz, 2012) . I capture this by decomposing the effects of a reform on taxable income into a substitution effect and a income effect.
Recall that a reform raises the marginal tax rate at income level z by τ z (z)dκ, and raises the absolute tax burden by τ (z)dκ. I characterize the substitution effect of a reform on individual i's taxable income by reference to his compensated net-of-tax rate elasticity of taxable income, e i c . It gives the relative change in his taxable income, dz i /z i , due to a relative change in his marginal net-of-tax rate,
, for a constant absolute tax burden, τ (z i ) = 0. Hence, I can write:
An increase in the marginal net-of-tax rate typically causes an increase in taxable income, such that e i c > 0. However, I allow e i c to vary across individuals, even among those with the same taxable income.
Before characterizing a reform's income effect, I first define the uncompensated net-of-tax rate elasticity of taxable income, e i u . The uncompensated elasticity also gives the relative change in taxable income due to a relative change in the marginal tax rate -but now for an equal increase in the average tax rate:
Hence, I can write:
Notice that the uncompensated elasticity represents both substitution and income effects. Indeed, I obtain a measure of a reform's income effect by subtracting the compensated elasticity from the uncompensated elasticity. This yields:
Thus, η i measures the effect on taxable income of a reform that only raises the absolute tax burden but leaves the marginal tax rate unchanged. A lower tax burden normally causes a reduction in taxable income, such that η i < 0. However, as with the compensated elasticity, I allow η i to vary across individuals. Notice that the compensated elasticity and the income effect are defined as relative changes in income along the actual budget curve -as in Jacquet, Lehmann, and Van der Linden (2013) -and not as changes along a linearized 'virtual' budget line -as in Saez (2001) . That is, e i c and η i take into account that changes in taxable income affect an individual's marginal tax rate, which in turn affects taxable income, and so on. The advantage of defining behavioral effects as moves along the actual budget curve is that it allows me to later on express the optimal tax schedule in terms of these elasticities and characteristics of the actual income distribution, rather than a virtual income distribution.
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Armed with the above elasticity concepts, the effect of a tax reform on individual i's taxable income can now be decomposed into income and substitution effects. Provided that a tax reform only affects a person's gross income through its effects on his marginal tax rate and absolute tax burden, the definitions in eqs. (10) and (12) allow me to write:
Eq. (13) is an accounting identity that allows one to differentiate changes in taxable income due to reforms of the marginal tax rate from changes in taxable income due to reforms of the average tax rate. A reform that raises the marginal tax rate (τ z (z) > 0) leads to a reduction in taxable income proportional to e i c . A reform that raises the average tax rate (τ (z i )/z i > 0) 7 In the Appendix, I show that the two different behavioral concepts are closely related. More specifically, ifẽ i c andη i denote the virtual compensated elasticity and income effect defined along a linearized virtual budget line, then we can write:
Thus, with knowledge of the tax schedule, one can easily derive one pair of behavioral effects from the other. In the Appendix, I furthermore show that either elasticity concept could be empirically estimated by use of exogenous policy variation in the tax system. Specifically,ẽ i c would follow from using policy variation as an instrument for marginal tax rates, whereas e i c would follow from a reduced-form regression of income on the policy variation itself.
8 To see this, notice that if z i is only affected by changes in the marginal tax rate (τ z (z i )dκ) and changes in the absolute tax burden (τ (z i )dκ) the following must hold:
Substituting for eqs. (10) and (12) yields eq. (13).
leads to an increase in taxable income proportional to −η i .
Net social welfare effects of a reform
The net social welfare effects of a tax reform are obtained by aggregating its effects on social welfare and the government budget. For this, I denote the social marginal value of public resources by λ. Moreover, I denote the social marginal value of individual i's consumption by g i ≡ γ i u i c /λ, where g i is expressed in terms of public resources. This allows me to formulate the following proposition.
Proposition 1 The marginal net social welfare effect of a nonlinear reform, τ (·), is given by:
Proof. The net social welfare effect of a reform is given by
. Substituting for eqs. (5), (9), and (13) (14) are central to the analysis of the rest of this paper. It determines both optimal taxes and the desirability of limited reforms outside the optimum. To see this, notice that taxes can only be set optimally if the marginal net social welfare effect of any reform is nil. Thus, the optimal tax schedule is determined by equating expression (14) to zero for any possible nonlinear tax reform τ (·). Indeed, the next section sheds more light on the optimal tax schedule by considering two specific reforms for which the net marginal social welfare gains are set to zero. Furthermore, expression (14) also plays a central role when considering limited tax reforms outside the optimum. Such a tax reform is desirable if and only if expression (14) is positive for that specific reform τ (·). In Section 4, I further elaborate on this.
3 Optimal taxation 3.1 Reform 1: A uniform tax increase Taxes are set optimally if no reform of the tax schedule can raise net social welfare. A full characterization of optimal tax rates can thus be obtained by equating expression (14) to zero for all possible reforms τ (·). To obtain more insight into what constitutes an optimal tax schedule, I focus here on two specific reforms. The first reform raises the tax burden uniformly across individuals by dκ, such that τ (z i ) = 1 and τ z (z i ) = 0 for all i.
Substituting this into expression (14), while equating it to zero, yields:
As the reform leaves all marginal tax rates unchanged, it does not generate any substitution effect, and only affects social welfare through mechanical and income effects. To further interpret eq. (15), it is useful to introduce a term to denote the social marginal value of individual i's private resources in terms of public resources. This term is given by:
Denoted in terms of public resources, a marginal unit increase in individual i's income yields additional social utility of consumption equal to g i . On top of that, it induces an income effect on taxable income, causing a revenue effect equal to T Proposition 2 In the tax optimum, the average social marginal value of private resources must equal the social marginal value of public resources:
Proof. Substitute eq. (16) into (15) and rearrange to obtain eq. (17).
Proposition 2 implies that, in the optimum, a marginal transfer of resources from everyone in the private sector to the public sector does not affect net social welfare. This simple optimality condition has sweeping consequences for public policy. As documented by Jacobs (2013) , it implies that the marginal cost of public funds -defined as the inverse of the left-hand side of eq. (17) -equals one. As a result, evaluations of public projects should not inflate the financing costs of these projects simply because of the existence of distortive taxes. Since a nonlinear tax schedule implies that government has access to nondistortive taxes -as illustrated by the reform I consider here -distortions are irrelevant for the marginal financing costs of a project. This validates standard cost-benefit analyses (cf., Christiansen, 1981) .
The same argument holds for revenue-generating public policy: distortive taxes could always be reduced with the revenue from a nondistortive reform as the one considered here. The existence of such distortive taxes should therefore be irrelevant for the valuation of a policy's revenue gains. As a result, optimal environmental levies correspond to standard Pigouvian levies (Jacobs and de Mooij, 2015; Sandmo, 1975) , using public debt to smooth the tax burden over time is not necessary (Werning, 2007) , and a positive inflation tax cannot be justified on the basis of preexisting tax distortions (Da Costa and Werning, 2008) . Generally, Proposition 2 implies that neither of the following two statements can serve as a valid justification of an adjustment to public policy: (i) the net financing costs of the policy lead to higher distortive taxes, or (ii) the net revenue gains of the policy can be used to reduce distortive taxes. 
Reform 2: Raising marginal income taxes
The second reform I consider raises the tax burden by dκ for individuals who earn an income that is larger than some level z * . Thus, τ (z i ) = 1 for all individuals with z i > z * , and τ (z i ) = 0 otherwise. As a result, only the marginal tax rate for individuals with income z * is raised (τ z (z * ) > 0). To determine the effect of this reform on the marginal tax rate, notice that the change in the tax burden at z * equals τ (z * )dκ = 0, whereas the change in tax burden at z * + dz equals τ (z * + dz)dκ = dκ. By the definition of the derivative, the change in the marginal tax rate at z * is given by
. Substituting this into expression (14), while equating it to zero, yields: (18)
The left-hand side simply gives the difference between the social marginal value of public resources and the social marginal value of private resources for the subset of the population that earns more than z * . From eqs. (15) and (17), we know that this difference equals zero for the total population. Hence, if the social marginal utility of income is decreasing with income -e.g., because the social objective exhibits egalitarian preferences -the 10 Note that I only refer to the financing costs or benefits of public policy. If the policy itself alleviates or exacerbates existing distortions (e.g., through relative complementarity with the tax base) or if it yields a degree of redistribution that is superior to a nonlinear tax schedule (e.g., if the policy's effects on utility are correlated with individuals' innate ability), the resulting welfare effects should naturally enter the cost-benefit analysis.
left-hand side of eq. (18) is strictly positive for all but the lowest level of income z * , and can be seen as the redistributive benefits of the reform.
The right-hand side gives the social marginal costs associated with distorting the tax base of individuals with gross income z * . As long as the marginal tax rate and the compensated elasticity at that income level are positive, the tax base erosion due to the increase in the marginal tax rate diminishes government revenue and therefore total welfare. On top of this revenue effect, the reduction in the tax base leads to welfare gains if individuals with gross income z * tend to earn more than what is good for them (ω i > 0), and to welfare losses if they earn less than what is good for them (ω i < 0). The importance of this correction effect of marginal taxes is increasing with individual welfare weights g i . Intuitively, the more a government cares about an individual, the more important it is to raise the individual's utility by correcting his behavior.
...when individuals maximize utility
To clarify the implications of eq. (18) for optimal income taxes, I first concentrate on the special case in which individuals perfectly choose the tax base to maximize their utility. In that case, ω i = 0 for all individuals i ∈ I.
Note that one can write the cumulative distribution function of taxable income as H(z) ≡ I:z i ≤z di, which gives the proportion of individuals that have gross income equal to or below z. It follows that dH(z) = h(z)dz = I:z i =z di. This allows me to define the average compensated elasticity for individuals with income level z * asē * c :
Moreover, I define the average social marginal value of private resources of individuals who earn more than z asᾱ z i >z ≡ I:z i >z * α i di/ I:z i >z * di. With the help of these definitions, I can now formulate the following Proposition.
Proposition 3 In the tax optimum with utility-maximizing individuals, the marginal tax rate at income level z * , denoted by T * z ≡ T z (z * , κ), must satisfy the following condition:
Proof. Substituting ω i = 0, eq. 19 and the definition ofᾱ z i >z into eq.
(18) and rearranging yields eq. (20).
Eq. (20) is virtually identical to the standard optimality condition in Saez (2001) or Piketty and Saez (2013) with two minor adjustments. First, contrary to the standard formulation, I defined elasticities as moves along the actual budget curve rather than moves along a hypothetical linearized budget line. This allows me to write eq. (20) in terms of the actual income density rather than a 'virtual' income density that would arise if individuals' nonlinear tax schedule is replaced by a linearized tax. Second, the average elasticity in eq. (20) takes into account that behavioral responses to marginal tax changes might differ across individuals with income z i .
Both adjustments can also be found in Jacquet and Lehmann (2015) who derive eq. (20) by means of the primal approach. Proposition 3 shows that the optimal marginal tax rate at income level z * crucially depends on three terms that indicate the responsiveness of the tax base at income level z * , the hazard rate of the income distribution at income level z * , and the redistributive effects of the marginal tax rate at income level z * . First, the optimal marginal tax for individuals with income z * is decreasing in the average compensated elasticity of individuals with income z * . Intuitively, higher elasticities imply that the tax base at that income level is more responsive to marginal tax rates. As a result, the social marginal costs of tax-base erosion are larger, yielding lower marginal taxes in the optimum. Second, the optimal marginal tax rate at z * is decreasing in the density of taxable income at that income level, z * h(z * ), and increasing in the share of individuals with a higher income, 1 − H(z * ). Intuitively, the marginal income tax distorts the total tax base at income level z * . The larger this total tax base, and thus the larger z * h(z * ), the larger the distortion caused by the marginal tax and the smaller the optimal tax rate. Furthermore, the marginal tax rate raises revenue from every individual with income above z * . The more people with income above z * , and thus the larger 1 − H(z * ), the higher the amount of revenue raised and the larger the optimal tax rate. Third and final, the optimal marginal tax rate at z * is decreasing in the average social marginal value of private resources in the hands of individuals with income above z * . This can be seen from the bracketed term in eq.
(20). It gives the social marginal gains minus costs of raising one unit of public resources from individuals who earn more than z * . Expressed in terms of government revenue, the social marginal gains simply equal 1. The social marginal costs are given by the average social marginal value of private resources (α i ) of individuals who earn more than z * . Intuitively, the larger this bracketed third term, the more valuable are public resources compared to private resources in the hands of relatively rich individuals. And since the marginal tax at z * redistributes away from those individuals towards the government, the higher is the optimal marginal tax rate.
...when individuals do not maximize utility
Now consider the general case in which individuals do not necessarily choose their tax base to maximize utility, so that ω i might be nonzero. Before deriving the optimal tax formula, it is useful to define the income-conditional covariance between two variables as χ(x i , y i ) ≡ x i y i −x iȳi , where an overline indicates average values conditional on labor income z i . This allows me to formulate the following Proposition.
Proposition 4 In the tax optimum with individuals who might not maximize their own utility, the marginal tax rate at income level z * must satisfy the following condition:
Only in the special case that the social marginal value of consumption (g i ),
the degree of misoptimization (ω i ), and the compensated elasticity of taxable income (e i c ) are uncorrelated for individuals with the same income, this reduces to:
Proof. Substituting eq. (19) Consider the case in which income-conditional covariances between g i , ω i , and e i c are nil. The first thing to notice is that the right-hand side of eq. (22) is virtually identical to the right-hand side of the optimality condition for utility-maximizing individuals in eq. (20). The elasticity term and the distribution term are exactly identical. There is a small adjustment implicit in the social marginal value of private resources (α i ), as it now incorporates the fact that any behavioral income effects could affect the utility of individuals who earn more than z * . However, it is important to keep in mind that all the right-hand side terms are endogenous variables and therefore not likely to be independent from how individuals choose their labor income. Nevertheless, as long as we can measure these variables empirically, it is possible to evaluate existing tax systems without reference to the deeper model parameters that determine individuals' decision making.
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The most striking adjustment, however, is in the left-hand side of eq. (22). This term measures the social marginal costs associated with a compensated reduction in the tax base of an individual with income z * . With utility-maximizing individuals, this term only depends on the marginal tax rate: the higher the marginal tax rate, the larger the revenue losses from a reduction in the tax base. When individuals fail to maximize their utility, there is an offsetting welfare gain if individuals with income z * on average chose their income too high (ω * > 0), or an even larger welfare loss if they 11 Naturally, since α i is to an important extent driven by social preferences for redistribution (e.g., by the Pareto weights γ i ), one cannot measure it empirically. However, by imposing the weak moral restriction that Pareto weights must be weakly positive (γ i ≥ 0), one could use the optimality condition to evaluate whether existing tax systems indeed satisfy this Pareto criterion.
on average chose to earn too little income (ω * < 0). Recall from eq. (7) thatω * measures the average monetized marginal utility of reducing the gross income of individuals who earn z * . Thus,ḡ * ω * measures its social value. Generally, the larger the extent to which individuals with income z * choose their income too high (too low), the higher (lower) the optimal marginal tax rate at that income level. Intuitively, marginal tax rates are not only used to redistribute income away from higher-income individuals, but also to 'correct' individuals' behavior. It is important to note thatω * in eq. (22) refers to its value at the optimal tax system. This is problematic because even if one would know its value at the actual tax system, it would not necessarily be informative about its value at the optimum. The reason for this is that without imposing more structure on individual decision making, it is unclear whether a higher marginal tax rate increases or decreases the degree to which individuals mistakenly choose their income. On the one hand, individuals tend to reduce their taxable income in response to higher marginal taxes, thereby reducing the degree to which they choose to earn too much income. On the other hand, an increase in the marginal tax rate also reduces the utility-maximizing level of taxable income, thereby raising the degree to which individuals earn too much income. There are two ways out of this conundrum. The first is to microfound the value ofω * by adopting one of many existing models of suboptimal individual decision making. For example, one could assume that individuals actually do try to maximize their utility but mistake marginal and average tax rates (as in Liebman and Zeckhauser, 2004) , or that individuals have certain mistaken beliefs about their utility function (as in Loewenstein, O'Donoghue, and Rabin, 2003) . Writingω * in terms of the model's parameters and structurally estimating these could then enable one to quantify the optimal tax schedule. 12 However, to the best of my knowledge there is currently no consensus on what is the best alternative to the theory of util-12 A particularly easy model of suboptimal behavior is one in which individuals mistake average and marginal taxes. Such model would imply that they equate marginal rates of substitution with average net-of-tax rates:
However, note that it also implies that e i c = 0, which is refuted by empirical evidence (Saez, Slemrod, and Giertz, 2012) . Thus, a model in which individuals are only incentivized by average tax rates rather than marginal tax rates is probably not realistic.
ity maximization within the context of individuals' income decisions.
13 An alternative approach is to empirically determine values of ω i and its pattern across the income distribution at the existing tax system, and use this to indicate the direction in which tax rates should be adjusted to correct individual behavior. While such approach is not necessarily informative about the tax optimum, it could potentially provide information on the welfare implications of small reforms of the existing tax system.
14 To derive eq. (22), I assumed that ω i , g i and e i c are uncorrelated across individuals with the same income. However, it might well be that government attaches a higher welfare weight to 'hard-working' individuals so that g i is increasing with ω i and thus χ(g i , ω i ) > 0. In that case, government is more interested in 'correcting' the behavior of high-ω i individuals than that of low-ω i individuals. As can be seen from eq. (21), this leads to higher marginal tax rates at the optimum. Similarly, it could be that individuals with larger deviations from utility maximization are less responsive to changes in tax rates. 15 This would imply that the degree of misoptimization is negatively correlated with behavioral elasticities (χ(g i ω i , e i c ) < 0) when individuals with income z i mistakenly earn too much on average.
Conversely, this correlation would be positive (χ(g i ω i , e i c ) > 0) when they earn too little on average. As can be seen from eq. (21), the corrective argument for taxation becomes weaker as a result, bringing optimal tax rates closer to the ones obtained with utility-maximizing individuals. In the extreme case in which only utility-maximizing individuals are responsive to taxation, tax rates cease to have a corrective function at all and optimal tax rates are once more given by eq. (20).
13 Though see Rees-Jones and Taubinsky (2016) , who designed a survey experiment to structurally quantify the extent to which individuals confuse average and marginal tax rates among other potential perception biases regarding the income tax.
14 In Gerritsen (2015) , I attempt to measure ω i on the basis of British life-satisfaction data, which leads me to conclude that people at the bottom of the income distribution tend to work too little and people at the top of the income distribution tend to work too much. In order to correct individuals' behavior, this would call for lower marginal tax rates at the bottom and higher marginal tax rates at the top of the income distribution. These findings are in line with those of Rees-Jones and Taubinsky (2016) who conclude from their survey experiment that individuals overestimate marginal taxes at low incomes and underestimate marginal taxes at high incomes.
15 Chetty et al. (2014) make an argument to this effect within the context of subsidies for retirement savings, see also Chetty (2015) .
Asymptotic results
Proposition 4 also allows one to obtain results for the optimal tax rate at the top of the income distribution. For this, I assume that the top of the income distribution is well-described by a Pareto distribution with parameter p, such that
, withẑ indicating any income level at the top of the distribution (Saez, 2001; Piketty and Saez, 2013) . I furthermore assume that the compensated elasticity e i c , the term for the income effect η i , the social marginal value of private resources g i , and the degree of misoptimization ω i converge toê c ,η,ĝ, andω for top income earners. Substituting these definitions, as well as the definition of α i , into eq. (21) and rearranging yields the following optimality condition:
whereT z corresponds to the top tax rate. The right-hand side of eq. (23) perfectly corresponds with the optimal top tax wedge found by Saez (2001) . 16 Thus, top tax rates are decreasing in the compensated elasticities of top earners. They are also decreasing in the Pareto parameter -which measures the thinness of the upper tail of the income distribution and is therefore inversely related to the revenue that can be generated with a tax on top income earners. Moreover, as long as income effects on taxable income are negative (η < 0), the optimal tax rate is increasing in the income responsiveness of top earners' income. Contrary to Saez (2001) , the optimal tax wedge must take into account the degree of misoptimization by top income earners. This can be seen from the left-hand side of eq. (23). As with marginal tax rates generally, the optimal top tax rate serves both to redistribute income away from top income earners and to correct their behavior. Notice, however, that the corrective argument only plays a role if the welfare weight at the top is strictly positive (ĝ > 0). If government does not care about the very rich, it has no reason to correct their behavior either. In that case, the optimal tax rate simply equals the revenue-maximizing rate. Interestingly, if top-income earners are mistakenly earning too much income (ω > 0), it might well be that a larger welfare weight for top-income earners leads to higher top tax rates in the optimum -i.e., to tax rates over and beyond the revenue maximizing rate in order to correct top earners' mistaken behavior.
4 The desirability of limited reforms 4.1 Reform 3: Raising a bracket's tax rate Contrary to much of the literature on optimal taxation, actual tax policy is typically concerned with some limited tax reform rather than a search for the best possible tax system. Moreover, the actual tax system might be far from optimal so that the reform should be evaluated outside the tax optimum. The primal approach is ill-equipped to deal with these issues, as it is concerned with the effects of changes in allocations rather than changes in taxes. The dual approach, on the other hand, is ideally situated to deal with issues of actual tax policy. To see this, note that as long as small changes in tax rates lead to only small behavioral changes in income, the welfare effects identified in eq. (14) are valid for any small reform τ (z) and for any optimal or suboptimal initial allocation.
To show how the dual approach can directly generate insights for actual tax policy, I consider a reform that is part of a policy maker's or politician's typical range of policy options: a tax rate increase for a specific tax bracket. Rather than focusing on the optimal level of the tax rate, I simply determine whether raising the rate is desirable or not, and how this depends on features of the actual, possibly suboptimal, tax system. For simplicity, I disregard income effects on the tax base (η i = 0) and suboptimal behavior (ω i = 0). 17 Consider a tax bracket that applies to gross income between z a and z b . A tax reform that raises this bracket's tax rate by dκ can be modelled as
and τ z (z) = 0 otherwise. Proposition 1 establishes that this reform raises net social welfare if and only if expression (14) is 17 As noted by Saez, Slemrod, and Giertz (2012) , there is little compelling evidence on significant income effects when it concerns taxable income. strictly positive. Substituting the reform into expression (14), we thus get the following desirability condition for increasing the bracket's tax rate:
where I substituted for the income density on the right-hand side. The lefthand-side of eq. (24) represents the redistributive benefits of the reform. It gives the difference between the social marginal value of public resources and the social marginal value of private resources for every mechanical unit of tax revenue raised from individuals within the bracket (first integral) and from individuals above the bracket (second integral). Thus, an individual i within the bracket sees his tax burden increase by (z i − z a )dκ, whereas the tax burden of an individual i above the tax bracket increases by (z b − z a )dκ. The total redistributive benefits of the reform generally depend on welfare weights g i , which ultimately makes desirability a matter of political judgment.
18
Whereas the redistributive benefits of the reform importantly depend on political values, we can say more about the distortive costs of the reform, given by the right-hand side of eq. (24). As usual, these costs are increasing with the responsiveness of the tax base, as measured by the compensated elasticity, the marginal tax wedges within the bracket, and the amount of income that falls within the bracket. Notice, however, that the distortive costs do not simply equal the product of these three factors' averages. As can be seen from eq. (24), it also matters how these factors are correlated. This issue is sidestepped by almost every study that measures the distortive costs of raising the tax rate within a certain income interval. That is, the literature typically assumes that both the marginal tax rates and the elasticity are constant over the interval of interest. In that case, the marginal distortive costs indeed reduce to the product of the elasticity, the tax wedge, and the amount of income within the interval.
19
However, in reality tax schedules are typically highly nonlinear, causing this approach to yield biased estimates of the marginal distortive costs of taxation. Nonlinearities in actual tax schedules stem from means-tested welfare arrangements such as an earned income tax credit, rental support, or child benefits, as well as different tax brackets. The phase-out intervals of means-tested programs typically combine falling marginal tax rates with increasing income concentrations. Eq. (24) then tells us that the distortive costs of a bracket's tax rate are lower if this bracket overlaps with the phase-out of such welfare arrangements.
Broader applicability of the dual approach
The focus of this paper has been on illustrating how the dual approach can be applied to solve for optimal nonlinear income taxes. I show this within a standard context with individuals that only make one intensive-margin decision on the size of their tax base -while allowing for heterogeneous preferences and individual utility misoptimization. However, the dual approach is versatile enough to be much more broadly applicable. In what follows, I therefore illustrate how the above analysis can be adjusted to take into account various nonlinear reforms outside the optimum, multiple intensive decision margins, a participation margin, and multiple tax bases that are subject to separate nonlinear tax schedules.
Nonlinear reforms outside the optimum -The third reform in the previous section just looked at one specific tax reform that might be relevant for actual policy making. That reform was essentially linear -raising the proportional tax rate of a specific bracket -though evaluated within the context of an actual nonlinear schedule of effective marginal tax rates. However, the dual approach can be readily applied to more complicated nonlinear reforms that play a role in actual policy discussions. For example, one could analyze different types of phase-out schedules for the EITC or other welfare programs, or changes to a quadratic tax schedule.
20 Is it better to phase out the EITC at a linear rate -raising effective marginal tax rates by the same amount across the phase-out range -or at an increasing or decreasing rate? Introducing an increasing phase-out rate within the range [z a , z b ] could be modeled with a specific reform function τ (z) with τ z (z) > 0 and increasing over the phase-out range. Conversely, a decreasing phase-out rate could be modeled with a reform function that has τ z (z) > 0 and decreasing over the phase-out range. As before, substituting these reforms into eq. (14) allows one to readily evaluate the welfare consequences of either phase-out function for any arbitrary initial tax schedule.
Multiple intensive margins -It is straightforward to allow individuals to make more decisions than only the one that determines their tax base. As long as these decisions are unobservable to the tax authority, and therefore untaxed, the analysis remains unchanged in the case of utility-maximizing individuals. Then even if a tax reform affects individual behavior on these additional decision margins, this does not affect their utility (because of individual utility maximization), nor does it affect government revenue (because the additional decisions are untaxed). This convenient conclusion no longer holds if individuals do not perfectly maximize utility when making these additional decisions. To see this, notice that the term ω i enters eq. (14) as a welfare effect of the tax reform. With multiple decision margins, similar terms for every decision margin would enter eq. (14), thereby yielding multiple corrective reasons for marginal taxes. As a simple example, imagine that individuals perfectly maximize utility when deciding on their (taxed) labor income, but mistakenly consume too much and save too little of their earned income. Then if future consumption is complementary with leisure, higher labor income taxes would be helpful in correcting individuals' savings decision even though there is no need for a labor-supply correction.
Participation margin -The analysis can furthermore be adapted to allow for a participation margin. For simplicity, I only consider the standard case in which individuals with the same income have the same intensivemargin elasticities, and in which individuals maximize their utility. The latter assumption ensures that a small tax reform only mechanically affects individuals' utility due to changes in tax burdens, but not through behavioral changes. As a result, a reform of the marginal income tax affects individuals' utility in essentially the same way as in the case without a participation margin. I can therefore focus attention on how adding a participation margin affects a reform's effect on government revenue.
For this, I refine the definition of z i as the 'notional tax base,' i.e., the tax base individual i would choose if he decides to participate. His actual tax base when deciding not to participate equals 0. I furthermore introduce a parameter π i (κ) that indicates the share of labor market participants among individuals with notional income z i . The government budget can then be rewritten as:
which gives the integral over participants' and non-participants' tax burdens. Taking derivatives, the effect of a marginal tax reform on government revenue can be seen to equal: with T 0 ≡ T (0, κ). Thus, the reform yields mechanical revenue changes for both participants and non-participants, an intensive behavioral effect on the tax base (dz i /dκ), and an extensive behavioral effect on the tax base (dπ i /dκ). The latter behavioral response would typically be unaffected by changes in marginal taxes, but responsive to changes in average tax rates. As a result, the total welfare effect of an increase in the marginal tax rate at z * now includes the reduced government revenue due to lower participation rates among individuals whose notional income exceeds z * . This additional cost of taxation should be taken into account in the optimum and tends to reduce optimal marginal tax rates.
Multiple tax bases -The dual approach can also fruitfully be employed to study the desirability of other types of government policy in combination with a nonlinear tax schedule. For linear commodity taxation and public good provision, this has previously been illustrated by Christiansen (1981 Christiansen ( , 1984 . But one can also deal with multiple nonlinear tax schedules as in the case of labor-income and capital-income taxes (e.g., Gerritsen et al., 2015) . For example, let T z denote a nonlinear labor-income tax with tax base z, and T y a nonlinear capital income tax with tax base y. Similar to the analysis above, both nonlinear taxes can be parameterized as T z (z, κ z ) and T y (z, κ y ) to allow for straightforward welfare analysis of any nonlinear reform of either tax.
Conclusion
This paper develops a method to solve for the optimal nonlinear income tax based on the dual approach. The procedure is not only intuitive, as it is close in spirit to actual tax policy, but also mathematically rigorous. It moreover relies on optimization techniques that are well-known to any undergraduate student of economics, which should make it easier to convey key results to policy makers and students as well as fellow scholars. I show that the approach can be applied to not only obtain well-known results in a more intuitive way, but also to solve for optimal nonlinear taxes when individuals have heterogeneous preferences and when they do not perfectly maximize their utility. It moreover allows one to gain new insights into the welfare effects of limited tax reforms outside the optimum, something for which the primal approach is especially ill-suited. I furthermore indicate how the dual approach can be applied to deal with nonlinear tax reforms outside the optimum, and with multiple decision margins, a participation margin, and multiple nonlinear tax bases.
